Dielectric laser acceleration of electrons close to a fused-silica grating has recently been observed [Peralta et al., Nature 503, 91 (2013); Breuer, Hommelhoff, PRL 111, 134803 (2013)]. Here we present the theoretical description of the near-fields close to such a grating that can be utilized to accelerate non-relativistic electrons. We also show simulation results of electrons interacting with such fields in a single and double grating structure geometry and discuss dephasing effects that have to be taken into account when designing a photonic-structure-based accelerator for non-relativistic electrons. We further model the space charge effect using the paraxial ray equation and discuss the resulting expected peak currents for various parameter sets.
I. INTRODUCTION
The development of lasers emitting pulses with high peak electric fields kindled the vision of a next generation of linear accelerators (linacs) already half a century ago [1] . Modern linac facilities operate with either room temperature or superconducting radio frequency (RF) cavities providing acceleration gradients in the range of 20-50 MeV/m. Although RF structures with acceleration gradients of up to 100 MeV/m have been tested [2] , the current technology has difficulty reaching higher gradients due to limitations given by breakdown phenomena [3] . Dielectric materials at optical frequencies withstand up to two orders of magnitude larger surface fields than metals [4] suggesting the idea of dielectric laser accelerators (DLAs) [5, 6] .
Direct acceleration of a charged particle with the electromagnetic carrier field of a laser pulse requires an electromagnetic wave with a phase speed equal to and an electric field component parallel to the particle's velocity in order to continuously impart energy to the particle. Plane waves in vacuum cannot be used for synchronous direct acceleration because they are transversely polarized and propagate at the speed of light [7] . Although the longitudinal electric field component inside the focus of a laser beam can be used to directly accelerate par-ticles, the accelerating field propagates faster than the speed of light and is therefore asynchronous with particles interacting with it [8] ; the acceleration distance is limited to approximately the Rayleigh length of the laser focus. Another acceleration scheme that involves lasers is laser-driven plasma-based acceleration [9] . Here the accelerating fields are provided by a plasma wave, which is excited by short laser pulses.
Synchronous modes with a longitudinal electric field component can exist close to periodic grating structures, which have been proposed as particle accelerators decades ago [10, 11] . Direct acceleration in close vicinity of a grating, also known as the inverse Smith-Purcell effect [12] , has been first observed with a terahertz radiation source at a metal grating with a 250 µm period [13, 14] . However, the measured acceleration gradients were too small (keV/m) to compete with conventional RF linacs.
Laser-driven acceleration of relativistic electrons in the optical regime has been first observed at a single matter-vacuum interface which was not a grating [15, 16] . The maximum acceleration gradient was 40 MeV/m for 30 MeV electrons. But straightforward concatenation of elements, i.e., scalability is technically difficult to achieve with the reported scheme for geometrical reasons.
Plettner et al. proposed scalable dielectric double grating structures [17] [18] [19] [20] [21] , where electrons propagate in a channel between two gratings facing each other. Accelerating, deflecting and bunching structures can be designed and hence an all-optical dielectric-based tabletop accelerator or even free-electron laser seems feasi-ble, despite the small expected bunch charges imposed by the space charge effect and wakefield radiation losses [19] . The structures are non-resonating and therefore allow ultrashort-pulsed (∼10−100 fs) operation. The concept is different from resonating approaches (traveling or standing wave structures) such as photonic bandgap structures [5, [22] [23] [24] that are conceptually similar to conventional RF structures and have filling times on the order of picoseconds.
We have recently observed dielectric laser acceleration of non-relativistic 28 keV electrons close to a single fused silica grating using the inverse Smith-Purcell effect and measured a maximum acceleration gradient of 25 MeV/m [25] . Together with the concurrent demonstration of dielectric laser acceleration of relativistic 60 MeV electrons exploiting a fused silica double grating [26] , these two experiments prove the concept of dielectric laser acceleration. Their direct intercompatibility bolsters the case for all-optical dielectric accelerators.
Here we investigate the interaction of non-relativistic and moderately relativistic electrons with electromagnetic fields in the vicinity of dielectric single and double grating structures. We present simulations for different grating geometries, estimate the dephasing length and the effects of space charge forces. Finally, we discuss implications of our simulation results for future optical linacs.
II. PARTICLE ACCELERATION WITH THE ELECTROMAGNETIC FIELD OF EVANESCENT WAVES
Palmer explored the fields above a single grating excited by a plane wave [11] . He derived conditions for which particle acceleration with such fields is possible. Following his discussion we analyze the electromagnetic fields close to an infinitely large plane, which is assumed to be a grating with grating period λ p and k p = 2π/λ p (see Fig. 1 ). The diffraction of the incident wave at the grating excites spatial harmonics with wave vectors k n = K + nk p , with the in-plane projection of the incident wave vector K (Fig. 1 ) and the order number n = 0, 1, 2, . . . The electromagnetic field of the n-th mode A(r, t) = (E(r, t), B(r, t)), with the electric field E and the magnetic field B, can be written as
Here, ω is the incident wave's angular frequency and φ is a phase term. The total field above the grating surface is comprised of a Fourier series of all spatial harmonics. We assume a single particle traveling parallel to the plane with the trajectory r(t) = vt, with the velocity v = |v| = βc, at an angle ϕ relative to k (Fig. 1) . Continuous motional control of the particle requires the component of the accelerating mode's phase velocity, which is parallel to the particle's trajectory, v ph = ω/(k cos ϕ) to equal FIG. 1. {x, y, z} represents the coordinate system for a spatial harmonic, which is excited at an infinitely large grating with grating period λp and grating vector kp = 2π/λp. {x , y , z } is the reference frame for a particle moving parallel to the grating surface, hence z = z. ψ is the angle between kp and the particle's velocity v; ϕ is the angle between the propagation direction k of the spatial harmonic and v. The wave vector of the incident plane wave is K0 with the in-plane projection K. The in-plane wave vector of the n-th diffracted wave can be written as k n = K + nkp and hence ϕ is determined by K0 and ψ.
v. This requirement yields the synchronicity condition
with the wave vector of the incident plane wave in vacuum k 0 = |K 0 | = ω/c = 2π/λ and wavelength λ. In the following we will consider only the synchronous mode for which Eq. 2 is satisfied. We focus on acceleration in vacuum, which implies that the fields have to satisfy the wave equation
This yields k
with β = β cos ϕ and γ = 1 − β 2 −1/2 [11, 21] . The accelerating fields fall off exponentially perpendicular to the particle trajectory, since β < 1 and γ is real. In other words, just evanescent fields contribute to the acceleration, in agreement with the Lawson-Woodward theorem [7, 27] . Particles have to pass the grating surface within a distance on the order of the (transverse) decay length
to experience acceleration comparable to the maximum accelerating gradient. Furthermore, synchronous steering (i.e., continuous motional control) of particles with β → 0 is virtually impossible with this scheme (since δ → 0). We can now calculate the electromagnetic fields of the synchronous mode (with k = k x ) using
We obtain
There are two independent solutions corresponding to the transverse electric (TE) and transverse magnetic (TM) mode. The amplitudes E y and B y have to be calculated for each geometry individually.
From the fields we can compute the Lorentz force
Projecting into the particles coordinate system {x , y , z } yields Fig. 2 shows the concept of synchronous particle acceleration exploiting the first spatial harmonic of a transparent grating, which is excited by a laser beam incident perpendicularly to the grating surface.
It is important to note that the longitudinal force always goes along with a transverse component that causes deflection of the particles. However, the accelerating and deflecting forces are out of phase, which implies that stable acceleration, i.e., temporal bunching leads to a defocusing of the electron bunch. This can be overcome either by alternating phase focusing [28] [29] [30] or by a biharmonic structure that focuses the bunch by ponderomotive interaction with asynchronous modes [24] .
FIG. 2. (a)-(c)
, three subsequent conceptual pictures of four charged particles (circles) passing the transparent grating (light blue structure), which is illuminated by the laser from below, polarized in the plane of projection. Time step between each picture: 1/4 optical period. The electric field of the first spatial harmonic, which is synchronous with the electrons, falls off exponentially away from the grating (colorcoded). The charged particles are assumed to be positrons. Depending on the relative position of the positron inside the laser field the force onto the positron can be accelerating (1), decelerating (2) or deflecting (3, 4) . Note that the geometry implies that the fields are transverse magnetic (TM), so the only field components are Ex, Ez and By (ϕ = ψ = θ = 0 in Fig. 1 ).
The issue of a skew acceleration pattern remains, namely the exponential dependence of the accelerating force as a function of the particle's distance from the surface. It has however been shown that by using two parallel surfaces and creating phase-stabilized fields on both of them, one can arrange the setup in such a manner that the deflecting forces cancel each other on the axis of the accelerator, creating a symmetric force pattern [20, 21] . The distance between the two surfaces has to be on the order of or ideally smaller than δ in order to efficiently accelerate particles at the center of such a double grating structure.
Equation 10 also reveals that a single grating cannot be used to accelerate speed-of-light particles (β ∼ 1) unless ϕ = 0 [11] . In contrast, for a double grating structure exists a speed-of-light mode, which can be used to continuously accelerate β ∼ 1 particles. It arises when k = k 0 and hence d 2 A/dz 2 = 0 according to Eq. 3. It can be solved by A(r) = A(x, y)(1 + κz). In the case of a single surface this mode cannot exist because a constant or linearly increasing electric field extending to infinity is unphysical, but in the presence of a second boundary the linear solution is meaningful implying a constant longitudinal (accelerating) force component [21] .
In the following we will restrict our discussion to a TM mode with ϕ = ψ = θ = 0, as shown in Fig. 2 . Hence,
III. DEPHASING OF AN ACCELERATING PARTICLE
In order to satisfy the synchronicity condition for an accelerating non-relativistic particle, the phase velocity of the accelerating mode has to change continuously to account for the change in velocity of the particle. In case of a constant phase velocity of the accelerating mode the relative phase of the particle with respect to the mode changes as the particle gains speed. We call this effect dephasing. We now derive an estimate of the distance over which acceleration can take place if the mode remains at the same phase velocity, i.e.: When does the particle become accelerated so much that it starts experiencing deceleration upon dephasing?
The only assumption is ∆β/β 1 during the acceleration. This is true for relativistic β ∼ 1 particles as the change in velocity in the laboratory frame is practically zero. In the non-relativistic case this assumption is valid as long as the particle's energy gain ∆E over one wavelength λ of the driving field is well below the particle's rest energy m 0 c 2 , i.e., G m 0 c 2 /λ. We note that the relativistic factor a 0 (= qE0 mc 2 k0 ) is typically 10
or smaller in the context of DLAs, so that this assumption is valid. In contrast, for larger acceleration gradients G > m 0 c 2 /λ, the particles can be accelerated from rest to relativistic energies within one cycle of the driving field.
The accelerating force can be written as
with
, with the instantaneous velocity β(x) = β 0 + ∆β(x). We derive the instantaneous acceleration gradient
with β = dβ/dx. The validity of Eq. 13 can be verified with the simulations presented below (Fig. 5 ). The first term in the cosine is the dephasing term, which we estimate here. With the kinetic energy E kin = m 0 c 2 (γ − 1), we derive (15) with the acceleration gradient G = dE kin /dx. Hence, the dephasing angle for a given distance z 0 from the grating surface
This inequality holds because for an accelerating particlẽ G(u, z 0 ) < G max , the maximum acceleration gradient, β(u) > β 0 , the initial velocity, and
and demanding that the dephasing has to be smaller than π/2 for the acceleration to take place, we obtain the estimate for the maximum length, over which a particle can be accelerated until acceleration just ceases. This dephasing length is
. (17) This approximation includes the intuitively right behavior: relativistic particles dephase after a longer distance, and a larger acceleration gradient causes dephasing to set in more quickly. We calculate the dephasing lengths for non-relativistic and relativistic electrons inside a double grating structure below (Table I on page 11).
IV. SIMULATION OF ACCELERATION AT A SINGLE DIELECTRIC GRATING
There is a variety of methods to simulate the propagation of electromagnetic waves through media, for example, the finite-difference time-domain (FDTD) method [31] , the finite-element method (FEM) [32, 33] , the finite integration technique (FIT) [34] or the pseudospectral time domain (PSTD) method [35] . We chose yet another method, namely an eigenmode expansion method [36] for our calculations of a laser pulse propagating through a dielectric grating. It is used to compute the amplitudes of the spatial harmonics of a grating with an infinitely periodic, rectangular profile. The method can be used to directly calculate the amplitudes E y and B y of the TE and TM mode in Eq. 8. We verified this method by comparison to published results [36, 37] .
Again we focus on the TM case as shown in Fig. 2 because of the longitudinal accelerating electric field component. In the simulation we choose the exciting laser wavelength and determine the grating period such that the n-th spatial harmonic is synchronous with electrons with velocity βc. Hence, the grating period is given by
We directly simulate the amplitude B (n) y of the n-th harmonic and therefore obtain the acceleration efficiency
Here G(z 0 ) is the acceleration gradient
at a fixed distance z 0 from the grating surface, E p is the exciting laser peak electric field and e is the elementary charge. We optimize the grating depth and aspect ratio to maximize B (n)
y . In Fig. 3 we show the excitation efficiency exc := cB
y /E p and the acceleration efficiency acc for the first, second and third spatial harmonic as a function of the electron speed β, which directly determines the grating period (Eq. 18). It becomes clear that using higher order spatial harmonics is less efficient than using the fundamental, which can be understood from diffraction effects. It can further be seen that the efficiency to excite a given spatial harmonic increases as β → 1, which is due to wave matching between the wave vector of the incident laser k 0 and that of the synchronous spatial harmonic k = k 0 /β. For highly relativistic velocities (β ∼ 1) acc vanishes in the case of a single grating as discussed above, but can be on the order of one for double grating structures [17] . We show a linear fit of acc , which allows us to estimate the length of a non-relativistic DLA below.
To gain further insight we perform a particle tracking in the resulting fields above the grating including all spatial harmonics. This way deflecting forces and dephasing effects can be studied. We assume a single electron passing the grating surface with a velocity βc and an exciting laser pulse, incident perpendicularly to the electron's trajectory, with an optical electric field
, with w l the 1/e focal waist radius and τ p the pulse duration (full width at half maximum of the intensity envelope). Hence, in its co-moving frame the electron experiences the instantaneous electric field E p exp −(x/w int ) 2 with the characteristic interaction distance
In Fig. 4 we show the results of the particle tracking for non-relativistic and relativistic electrons interacting with the first spatial harmonic close to a fused silica grating. The maximum laser peak electric field of E p = 10 GV/m corresponds to a peak fluence F = 1.42 J/cm 2 , close to the damage threshold for a 110 fs pulse length [38] . The dependencies of the accelerating fields, derived above, can be clearly seen, for example, the phase shift between the accelerating and deflecting force (Eq. 11) or the larger decay distance δ for relativistic electrons (Fig. 4 (g-i) ) as compared to non-relativistic electrons (Fig. 4 (a-f) ). Note that in our simulation a larger start phase corresponds to a later start time. Hence, bunching takes place when electrons with a smaller start phase (earlier start time) become less accelerated than those with a larger start phase (later start time). The strong deflection of the non-relativistic electrons suggests choosing laser peak electric fields well below 10 GV/m for the acceleration of non-relativistic electrons in order to prevent beam loss as well as surface charging of the dielectric material that can cause further deflection. Of course this is not necessary if a microbunched electron beam, phase-stabilized to the laser field, with a microbunch duration much smaller than an optical cycle is used and if the electrons only occupy start phases for which deflection is small.
In Fig. 5 we show the instantaneous kinetic energỹ E kin (x), the instantaneous acceleration gradientG(x), the laser electric fieldẼ p (x) and the dephasing angle ∆φ(x) as a function of the longitudinal position of the electron. In these simulation results, the width of the instantaneous laser electric fieldẼ p (x) equals the characteristic interaction distance w int = 4.3 µm. The connection between the laser electric field, the dephasing angle and the instantaneous acceleration gradient confirms Eq. 13. In Fig. 5 (c,d) the dephasing of the electron is so severe that it experiences deceleration after initial acceleration.
V. SIMULATION OF ACCELERATION AT A DOUBLE GRATING STRUCTURE
We call the geometry with two gratings facing each other the double grating structure. It exhibits the advantage of enabling a symmetric acceleration pattern because the synchronous mode of a double grating structure does not decay exponentially with increasing distance from the grating surface, as it is the case for a single grating. Instead the field pattern at a distance z is given by
y /Ep of the n-th spatial harmonic (first: black, second: red, third: blue) as a function of the electron velocity β (bottom axis) and of the electron energy E kin (top axis). The grating period is λp(β) = nβλ. The exciting laser wavelength is λ = 800 nm. The aspect ratio (i.e., the ratio of the trench width to the grating period) and grating depth have been optimized to maximize cB with k x = k 0 /β, k z = k 0 /(βγ) (Eq. 6), and C s and C c constants [20, 21] . Double gratings also support a mode that can travel synchronously with β = 1 particles [21] , as mentioned above. Following the same discussion as around Eq. 11, we obtain for the force vector
In Fig. 6 (a) we show the electric field profile of a double grating structure, for which C s = 1 and C c = 0. As for the single grating, regions of acceleration and deceleration exist. However, around the axis of the structure the accelerating force component is rather uniform, as can be seen from dF x /dz ∝ d cosh(k z z)/dz| z=0 = 0. Moreover, the transverse force component can focus electrons towards the axis. The longitudinal and transverse forces are out of phase. Therefore an electron passing through the structure at a relative position to the field where it is maximally accelerated does not experience any focusing force, and vice versa. In Fig. 6 (b) , where C c = max and C s = 0, the accelerating force component F x vanishes on axis, as sinh(k z z)| z=0 = 0. Hence, this field profile is not suitable for particle acceleration.
To obtain the field distributions shown in Fig. 6 (a,b) we again use the eigenmode expansion method [36] [39] . We calculate the amplitudes of the spatial harmonics excited by a single laser source, impinging from below. In Fig. 6 (c) we show the simulated relative amplitudes C c and C s as a function of the relative longitudinal offset ∆ between the upper and the lower grating, i.e., the shift between the grating grooves of the upper grating as compared to the lower one. The offset can be related to a time delay between the excitation of the two single gratings. By changing the offset the relative phase between the exponentially decaying fields at both grating surfaces is shifted and hence a cosh-or sinh-profile can be realized.
For a dielectric laser accelerator only the sinh-profile of the magnetic field that implies a cosh-profile of the accelerating force (C c = 0 and C s = max in Fig. 6 (d) ) leads The laser parameters are: wavelength λ = 800 nm, focal waist radius w l = 5 µm, pulse duration τp = 100 fs, laser peak electric field Ep = 1 GV/m (a-c) and Ep = 10 GV/m (d-i). The initial electron energy is E kin = 29 keV (β = 0.33) (a-f) and E kin = 957 keV (β = 0.94) (g-i). The first spatial harmonic interacts synchronously with the electrons, hence λp = 260 nm (a-f) and λp = 750 nm (g-i). Color-coded plots show the energy gain ∆E kin (a,d,g), the deflection ∆z (b,e,h) and the final angle βz/βx (c,f,i) as a function of the initial distance from the grating, i.e. the distance of the electron from the grating surface before the interaction with the laser, and of the relative start phase between the electron and the laser field. The transverse decay length of the acceleration is δ = 45 nm (a-f) and δ = 350 nm (g-i). For the white areas the electron becomes deflected into the grating during the simulation. The characteristic interaction distance is wint = 4.3 µm (a-f) and wint = 4.9 µm (g-i).
FIG. 5.
We show the instantaneous parameters of a single electron interacting with laser pulses in close proximity of a fused silica grating as a function of the number of grating periods passed (x-coordinate). We include the instantaneous kinetic energỹ E kin (x) ((a,c), blue curve), acceleration gradientG(x) ((a,c), orange curve, black dots), laser electric fieldẼp(x) ((b,d), blue curve) and dephasing angle ∆φ(x) ((b,d), orange curve). The acceleration gradient has been directly derived fromẼ kin (x) viã G(x) = dẼ kin (x)/dx (orange curve) and fitted according to Eq. 13 with G(x, z) = Ẽ p(x) exp (−z/δ) cos (∆φ(x)) (black dots) with the free fit parameter . (a,b), Identical simulation parameters as used in Fig. 4 (a-c) for a start phase of 1.6 π and an initial distance z0 = 100 nm. For those parameters dephasing and deflection can be neglected and therefore the fit parameter = 0.013, which relates the acceleration gradient to the applied laser peak electric field, equals acc (Fig. 3 (b) ) for the electron speed β = 0.33. (c,d), Identical simulation parameters as used in Fig. 4 (d-f) for a start phase of 1.8 π and an initial distance z0 = 50 nm. Here, dephasing is so severe that after initial acceleration the electron becomes decelerated after passing ∼60 grating periods.
to useful acceleration [20, 21] . In Fig. 6 (e) the excitation of the spatial harmonic at the lower grating is more efficient than at the upper one and therefore the center of the sinh-profile does not coincide with the center of the vacuum channel. The difference in excitation efficiency between the upper and lower grating can be equalized by changing the grating parameters of the lower grating (Fig. 6 (f) ) at the cost of a lower acceleration efficiency.
Alternatively, a symmetric mode profile can be achieved by pumping the double grating structure from both sides (Fig. 6 (g) ) [20, 40] with the advantage of maximum efficiency. Note that for symmetric illumination the offset has to be either zero or half the grating period, because in any other case the 1 st and -1 st spatial harmonic of the two single gratings are not excited equally strong. This would lead to a skew acceleration profile, because for the upward propagating laser beam the 1 st , and for the downward propagating laser beam the -1 st spatial harmonic is synchronous with electrons passing through the structure from left to right.
Particle tracking results for relativistic and non-relativistic electrons in a double grating structure are shown in Fig. 7 . In this simulation we consider the geometries depicted in Fig. 6 (d,f,g ). We simulate the energy gain, the deflection, as well as the final angle of the electron trajectory with respect to the grating surface. The results can be directly compared with the single grating simulation in Fig. 4 . The advantage of the symmetric field pattern can clearly be seen: the energy gain for electrons passing the grating at a distance z 0 from the axis equals the gain for electrons passing at −z 0 . Moreover there exists an initial start phase (∼ π) for which electrons starting at positive z 0 are deflected downwards and electrons starting at negative z 0 are deflected upwards. Fig. 4 (g-i) . The offset is ∆ = −0.08 λp. The excitation efficiency of the spatial harmonic at the upper grating is negligible. Hence, the field profile looks (almost) like in the case of a single grating. (f), The grating depth of the lower grating has been decreased to reduce the excitation efficiency at the lower grating compared to the upper one, which leads to the desired sinh-profile for one-sided illumination (Cs = 0.05Ep/c). This corresponds to a focusing force towards the axis of the structure. It can also be seen that the acceleration and focusing are out of phase (π/2 phase shifted), which is expected from Eq. 23.
In Fig. 7 (a-c) we show the particle tracking results of non-relativistic 30 keV electrons passing through the double grating structure depicted in Fig. 6 (d) for a laser peak electric field of E p = 1 GV/m. The maximum onaxis energy gain of ∆E = 200 eV corresponds to a maximum acceleration gradient of G max = ∆E/( √ πw int ) = 26 MeV/m, using w int = 4.3 µm. Note that if a continuous electron beam is passing through the structure, the beam diameter should be smaller than ∼100 nm in order to prevent electrons from being deflected into the grating. This strongly suggests using microbunched electron beams with a sub-laser-cycle microbunch duration, that are injected at start phases for which the structure acts both accelerating and focusing, i.e., between π/2 and π. ∆E kin (a,d,g ), the deflection ∆z (b,e,h) and the final angle βz/βx (c,f,i) as a function of the initial offset from the vacuum channel axis and of the relative start phase between the electron and the laser field. For the white areas the electron becomes deflected into the grating during the simulation. The characteristic interaction distance is wint = 4.3 µm (a-c) and wint = 4.9 µm (d-i).
λ (µm)
E kin = 29 keV (Fig. 6(d)) E kin = 957 keV (Fig. 6(g) and relativistic (957 keV) electrons inside a double grating structure. The 29 keV electrons pass the structure depicted in Fig. 6 (d) which is excited with a single laser with wavelength λ and peak electric field Ep. The 957 keV electrons are accelerated inside the symmetrically pumped structure shown in Fig. 6 (g) , excited by two lasers with λ and Ep. We assumed an acceleration gradient at the center of the vacuum channel of G = 0.027 · eEp for the non-relativistic case and G = 0.09 · eEp for the relativistic case. Hence, for an exciting wavelength of 2 µm (5 µm) the dimensions in Fig. 6 have to be scaled up by a factor of 2.5 (6.3), as discussed in the text.
We further perform particle tracking simulations of relativistic 1 MeV electrons inside double grating structures. In Fig. 7 (d-f) , corresponding to the geometry shown in Fig. 6 (f), we use a laser peak field of E p = 10 GV/m. The maximum on-axis energy gain is ∆E = 1.5 keV and translates into G max = ∆E/( √ πw int ) = 170 MeV/m (w int = 4.9 µm).
In Fig. 7 (g-i) 1 MeV electrons pass through the symmetrically pumped structure shown in Fig. 6 (g) . Here we choose a laser peak electric field of E p = 7 GV/m in each laser beam, reduced by a factor of 1/ √ 2 compared to the single beam illumination. Therefore the overall fluence remains constant and damage to the grating is prevented. Hence, we can directly compare the two-beam with the single-beam excitation. The maximum on-axis energy gain is ∼5.7 keV, translating into G max 650 MeV/m.
With a narrower, 300 nm wide vacuum channel we expect from Eq. 23 the gradient to be about twice as large, i.e. 1.3 GeV/m. With slightly different parameters and/or grating materials, the gradient could exceed 10 GeV/m [17] . Note that [17] considers the speed-oflight mode only.
From these simulations it becomes clear that relativistic electrons are more efficiently accelerated and less affected by deflecting forces. Together with the other advantage of wider possible vacuum channels in double grating structures designed for relativistic particle acceleration, this also allows using larger electron beams (here: up to 800 nm in diameter). Consequently, larger beam currents are permitted, as will be discussed in the next section.
In Table I we list the dephasing lengths x deph for the non-relativistic and relativistic electrons inside the double grating structures shown in Fig. 6 (d) and (g) . We have calculated x deph according to Eq. 17 using the maximum acceleration gradient G max = ecC s /(βγ). For example, assuming E p = 1 GV/m, 30 keV electrons that are accelerated inside the double grating structure of Fig.  6 (d) dephase after only 12 µm. 1 MeV electrons inside the structure, shown in Fig. 6 (g) , stay in phase with the accelerating fields for about a factor of ten larger distances. Increasing the laser peak field reduces x deph by a factor of 1/ E p .
The dephasing length scales with the exciting laser wavelength λ according to √ λ. In the calculation of x deph we assume the same acceleration efficiency for all wavelengths. This implies, first, that the refractive index of the grating material is constant, second, that the available field gradients (determined by material breakdown thresholds) are not significantly affected by the incident wavelength and, third, that the dimensions of the double grating structures have to be scaled up proportionally to the wavelength. Hence, for an exciting wavelength of 2 µm the dimensions in Fig. 6 are increased by a factor of 2.5. For λ = 5 µm the dimensions are a factor of 6.3 larger.
VI. SPACE CHARGE FORCES
The transverse dimension of the particle beam inside an accelerator has to be smaller than the size of the accelerating structures, which is directly connected to the driving wavelength. While conventional RF accelerators can support beams with diameters on the cm-scale, optical linear accelerators need to be provided with particle beams with sub-micron diameters. Hence, space charge forces limit the maximum bunch charge of the particle ensemble especially in DLAs, because this repulsive force is inversely proportional to the transverse dimension of the beam and therefore more than four orders of magnitude larger in optical linacs as compared to RF accelerators. Elliptical or sheet beams with a large transverse dimension perpendicular to the vacuum channel have been suggested to minimize defocusing due to the space charge effect [5] .
We use the paraxial ray equation to estimate the maximum bunch charge of a beam with a circular profile. We note that this approach is only a first step because it assumes a uniform beam density profile, which is only true for particle beams with a vanishing random transverse velocity spread [41] . The paraxial ray equation describes the beam envelope radius r m via
Here B is an axial (static) magnetic field, p θ the canonical angular momentum of the particles, n the normalized emittance and K = 2I/(I 0 β 3 γ 3 ) the generalized perveance, with the Budker or Alfvén current for electrons: I 0 = 17000 A. The perveance is a measure for the space charge effect [41, 42] . The paraxial ray equation describes the beam dynamics and includes acceleration in a longitudinal electric field with γ = eE /(mc 2 ) (2 nd term), focusing in a radial electric field with γ = 2eE ⊥ /(mc 2 r m ) (3 rd term), focusing in an axial magnetic field (4 th term), defocusing due to angular momentum and normalized emittance (5 th and 6 th term), as well as defocusing due to space charge (last term).
To estimate the maximum bunch charge in an optical accelerator we assume B = p θ = 0, an emittance-limited beam (Kβ 2 γ 2 r 2 m 2 n ) and focusing in the radial electric field provided by the optical accelerator. As can be seen from Eq. 11 the focusing and accelerating fields are out of phase, that is, Re (F x ) = 0 for |Re (F z )| = qc |B y | /(βγ 2 ). Hence, for a focusing structure and a microbunched electron beam with sub-laser-cycle microbunch duration we can neglect acceleration, γ = 0. Therefore,
The acceleration gradient of the grating accelerator is defined as
The transverse focusing force is equivalent to a radial electric field with amplitude
Demanding a stable beam diameter, i.e. r m = 0, yields the emittance:
To examine the typical emittance of this beam suited for DLAs, we take G as 1 GeV/m and r m = 100 nm, yielding a normalized emittance of 2 nm-rad. With G as 10 GeV/m and r m = 300 nm, a normalized emittance of 32 nm-rad is found. By assuming that the perveance term in the envelope equation is 10% of the emittance term, effectively treating the perveance term as a perturbation, the maximum current allowed is determined:
Note that the factor 0.1 in this equation derives from the assumption that the perveance term is 10% of the emittance term. If one were to assume that the perveance term was only 1% of the emittance term, the constant in Equation 28 would be 0.01 and all of the estimated currents in what follows would scale accordingly. We calculate I b for non-relativistic and relativistic electrons inside double grating structures based on our simulation results. We assume an electron beam with radius r m propagating on-axis inside the structure. The acceleration gradient at the envelope of the beam is given by (Eq. 23)
In Table II we show the maximum peak beam currents for a 30 keV electron beam with r m = 50 nm, in the double grating structure (Figure 6 (d) ), which is excited by a single laser, for various laser peak electric fields E p and driving wavelengths λ. For example, for E p = 10 GV/m at λ = 800 nm this structure can sustain a peak beam current of I b = 18 mA. We further calculate I b for a 1 MeV electron beam, with r m = 300 nm, inside the symmetrically pumped structure depicted in Figure 6 (g). Here, the attainable peak currents are more than two orders of magnitude larger than in the non-relativistic case and a laser peak field E p = 7 GV/m implies I b = 2 A at 800 nm and 12 A at 5µm.
The maximum bunch charge that can be kept inside the accelerator without beam expansion due to space charge forces is
with the bunch duration τ b . The bunch duration inside the accelerator is ideally smaller than the optical cycle τ cycle = λ/c, so that the bunch experiences a homogeneous force. Assuming τ b = 0.1τ cycle and λ = 800 nm we obtain for the 30 keV electrons and E p = 10 GV/m a maximum bunch charge of 4.8 aC, corresponding to 30 electrons. For the 1 MeV electrons and E p = 7 GV/m the structure can support 0.5 fC at 800 nm and 20 fC at 5 mum.
As the space charge force is inversely proportional to the beam radius, a laser wavelength of 2 µm allows 2.5 times larger peak currents assuming that the grating dimensions and electron beam radius are scaled up in size accordingly. Moreover, we assume that the refractive index of the dielectric material is constant for all wavelengths, which assures the same excitation efficiency of the spatial harmonics. Similarly, a driving wavelength of 5 µm allows a 6.3 times larger peak current. This implies that the bunch charge Q b scales with λ 2 , assuming that τ b is proportional to τ cycle .
Note that in the derivation of the maximum current I b we assume that the focusing force of the grating structure is used to counteract the defocusing force due to space charge, i.e., we choose a start phase of the microbunch for which the focusing force is maximum and acceleration is zero. For a useful accelerator structure transversal confinement in conjunction with longitudinal bunching and acceleration is required. As discussed above, this can be achieved, for example, with alternating phase focusing [28] [29] [30] or with biharmonic structures [24] . Hence, the given numbers are estimates and might vary in a realistic setup. Furthermore, in the analysis above a circular transverse spot size was assumed; if instead the electron bunches were ribbon beams, larger currents could traverse the DLA. Regardless, more involved simulations are needed to more realistically take into account space charge forces, wakefield effects, and other effects that are due to the nearby structure. E kin = 957 keV, rm = 300 nm ( Fig. 6 (g) Fig. 6 (d) , and for a 957 keV electron beam (rm = 300 nm) inside the grating geometry depicted in Fig. 6 (g) for three different laser peak electric fields and the driving laser wavelengths 800 nm, 2 µm and 5 µm.
VII. CONCLUSION AND OUTLOOK
In conclusion, we have derived the properties of the accelerating fields close to single and double dielectric grating structures. We have simulated the excitation of those fields and performed particle tracking simulations, which give a promising outlook for future dielectric laser accelerators. Our analysis of dephasing and space charge effects will be important for designing new structures. Next steps comprise the full simulation of electron bunches in double grating structures including wakefield
